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The main definition

Let U be a subset of Z), and
U={0<uy<wm<...<u <M}

Let also uxr1 = M + u;. V.I.Arnold defined the stochaticity
parameter of the set U to be the quantity

k

S(U) = (i1 — up)?.

i=1



The stochasticity parameter of a random set

Too small or too large values of S(U) indicate that U is «far»
from a random set: S(A) is minimal when the points of U are
equidistributed and S(U) is maximal when U is an interval.

One can find the mean value s(k) of S(U) over all k-element
subsets of Zy.

Proposition 1. We have

2M—-—k+1

K) = M
s(k) k+1



M=p

Let R be the set of quadratic residues modulo p. A special case of
result of M.Z.Garaev, S.V.Konyagin and Yu.V.Malykhin is the
following.

Theorem A. Let M = p be a prime. Then

S(R) =s(|R|)(1+0o(1)), p— oo.

So we can say that the set of quadratic residues behave like a
random set (of the same size) with respect to the stochasticity
parameter.



M= Apy...p;

We study the stochasticity parameter of the set R of quadratic
residues modulo M of the form

M = Am,

where (A,m) =1, m= py...p: and p; are prime numbers such
that py > ... > p1 DAt 1.

(1)



The main result

Our main result is the following.
Theorem 1. Let M be of the form (1), where A > 2. Then

S(R) = m2" L A%|Ra| " — A%|Ra| " 'm + Oa(m27).



The main result

Our main result is the following.
Theorem 1. Let M be of the form (1), where A > 2. Then

S(R) = m2" TP A%|Ra| ™t — A%|Ral " m + Oa(m27").

On the other hand, for these modulus M Proposition 1 gives us

s(|R|) = m2" T A2|Ra| ™Y — Am + Oa(mp; %%)

and we see that S(R) < s(|R|) for A > 2 and large t.



Another result: M = Ap

Also we can write the asymptotic of S(R) for the case where t = 1.
Theorem 2. Let M = Ap. Then
S(R) = 2fA(0.5)p + Oa(p*~1/18)

where fy is a function determined by the number A.



Another result: M = Ap

Also we can write the asymptotic of S(R) for the case where t = 1.
Theorem 2. Let M = Ap. Then

S(R) = 2fa(0.5)p + Oa(p'~1/18),
where fp is a function determined by the number A.

On the other hand, for these modulus M Proposition 1 gives us

2

(RN = (o = A) o+ 0a(s°2)

First values of A for which S(R) > s(|R|) are
89,109, 178,197,218, 233.



Corollaries

Corollary 1. For the modulus M of the form (1) with A > 2 and
large t we have
S(R) < s(|R]).

Corollary 2. We have

_S(R) — S(R)
um S(R) < 1S e S(IR])



Hypothesis

Hypothesis. For almost all modulus M we have

S(R) < s(|R]).



Theorems 1 and 2: method of the proof

We can write

S(R)=>Y_ N/,

>1

where
Ny =#{x€Zpy :x,x+1€R,x+1,....,x+1—-1¢ R}.

For small / we can find the asymptotics for N, using a simple
version of sieve method and estimates of character sums. Large
values of / give negligible contribution to the sum >°, N, /.



In fact

In fact, we prove that

S(R) = m2'fa(y) + O(m2™),

where y =1 — 27" and £ is a function determined by the number
A.

Let us have a look on the functions f4 for small A.



fily)=1+y

_ ity +5
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27y% + 38y> + 34y* + 44y3 + 34y% + 38y + 27

2 =
uly) I+y+y?+y>3+y*+y°

fsly) = 37y" + 38y° + 54y® + 40y* + 40y3 + 54y2 + 38y + 37
)= I+y+y2+y3+y44+y> 4 y°




The bottom line

We found an algorithm for calculating the function f4 and proved
that

2A2 A?
fa(1) = TRal fa(l) = TRAl

Hence
1
m2tfa(y) = m2T A2 | Ry 7Y — mA?|R4| T + Ef;\’(et)mz—f.

To prove Theorem 1 it remains to show that £2/(y) < A%(1).
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