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We define the correlation ( “shifted convolution

sum'”) of any couple f,g : N — C as
de
(1) CrgNa)E Y fn)g(n+a).

n<N

Theinteger a > 0O is the shift. Classic heuristic:

(2) Crg(N,a) ~ Sy ,(a)N,

defining the f and g singular series (f,§, soon):

St (@)= S F9)3(@)eq(a),

q=1

where the Ramanujan sum cq(a) is defined,

d .
with eq(m) ] e2mim/q the additive characters

d 2mI7a ,
(3) cqla) = Z COS( qj ) = ) eq(ja).
(j;75q=1 €L




d d
From Mobius inversion, f/ éff*u & ¢’ éfg*,u

= f(n) =3 f(d) & g(m) =73 J(a),

d|n qlm

so : vital remark is that inside their correlation
our f(n),g(m) become truncated divisor sums

> fid), > 4()

d|n,d<N qlm,q<N-+a

depending on both variables, N and shift a.
The condition “d|n’’ may be expressed as

(4 A= 3 ealin) =2 3 cq(n)

j<d qld

from the orthogonality of additive characters
and g.c.d. rearrangement. Hence, inside Cf,g
we have finite Ramanujan expansions, say

f(n) =3 f(@eg(n), g(m) = > g(g)cg(m)

q<N g<N+a



with, say, finite Ramanujan coefficients

~ _def "(d) . def "(d
TOXID SEESONTTO LD A
d<N d<N-+a
d=0 mod q d=0 mod ¢

See, now the singular series is a singular sum

Stg(a) = > f(@)d(a)cq(a).

g<N

Dependence on N here is actually inside f,g.
The a—dependence in g(q) is overridden for g

g(m) = go(m) = Y (@),
d|m,d<Q
a truncated divisor sum(t.d.s.) of range Q,
where @Q < N is a—independent. We'll also
assume : a—dependence is not in f,g, nor in
their supports, say, Cf,g(N, a) is fair.

T hese two are our basic hypotheses, we'll as-
sume implicitly henceforth.



Our most important finding with Ram Murty
iIs the Ramanujan exact explicit formula:
(Reef)
9(q)
Crg(N,a) =" > F(n)eq(n)eg(a),

q<N ()ngN

d
with () = 11 < ¢ : (4, q) = 1} the well known
Euler function.

The Reef holds iff some equivalent conditions
hold: it’s not for free. Actually, we gave on
JNT the following characterizations. Call

©.@)
Crg(N,a) = > Crg(N,€)ce(a), VaeN
(=1
the shift-Ramanujan expansion (s.R.e.). We
wish to use the Carmichae/ formula

o (N, q) = ) lim = Z Ct.o(N,a)cq(a);

a<zx

also we call s.R.e. pure iff the Cf,g(N, /) don't

depend on a, as we expect. We will call s.R.e.

uniform when it converges uniformly in a € N.
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Roughly speaking, the following is quoting our
Theorem 1 (Coppola-Murty on JNT).

(F.A.E.=Following Are Equivalent)

In the basic hypotheses (see above), F.A.E.:
(1) s.R.e. is uniform & pure

(73) Carmichael formula holds

(735) the Reef holds

(i7v) the correlation is a t.d.s., resp.to a

(See, (iv) on JNT, “s.R.e. is finite and pure”,
is equivalent to: “Cy,(N,a) t.d.s.”, here)

As a Kind of “gift” (under suitable, additional

& very natural hypotheses) The Reef implies

classic heuristic (2) for the correlation: this is

our, say, Coppola-Murty Corollary 1 on JNT.
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The Eratosthenes Transform of our Cf,g IS

def d
(N, d)E %cf,g(zv, D (2) VdeN
t

d
and as usual w(d) §f|{p prime : p divides d}|.

We may prove, in full generality, compare arxiv
for 2k—twin primes case, the following further
characterization for the Reef.

In our basic hypotheses, Reef's equivalent to
Delange Hypothesis (for our correlation), say

ow(d)
d

(DH) S C} (N, d)| < 0.
d

In fact, in the same spirit of our Corollary 1
(proving heuristics above), we got a Condi-
tional Proof of Hardy Littlewood Conjecture
(for a = 2k twin primes), under Delange Hy-
pothesis (DH) for twin primes (see my arxiv).
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