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Outline

1. Distribution of typical values on the critical line
2. Distribution of large values on the critical line

3. Large values in short intervals (if time permits)
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1. Typical values on the critical line
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Selberg’s Central Limit Theorem

Theorem (Selberg’s CLT)

Let T be a uniform random variable on [T, 2T], then

log [C(1/2 + iT)] . N(0,1),
\/%loglogT

What about values beyond +/loglog 1l ¢

00 6—22/ log log T

?
P(l 1/2+11)| > V) ~ d
(logl(1/2+im)] > V) & |~ era:

Radziwitt ’11: Holds up to V < (loglog T)3/5—8




Selberg’s Central Limit Theorem

Figure: Distribution of 10000 values of & C(/247)|
\/1/210g log T







Large values in the critical strip
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» Granville & Sound. ’05: Distribution of log [((1 +iT)| for V
up to logs T
» Lamzouri '11: Distribution of log |((o + iT)| for V up to

(1 T)l—a
< Noeer for 1/2 <o <1




Large values on the critical line i) limsip {05330
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Lindelof hypothesis: ;(1/2) =0 or

1 2T
My(T) = T/T C(1/2 + it)| Pt = B[C(1/2 + ir)[*] < T°

Moments Conjecture: Known o
k= 4.9

E[|¢(1/2 + ir)|**] ~ Ci(log T)*".

for Cr = ay fr, fr is predicted by RMT (Keating & Snaith ’00).
Radziwill’s Conjecture: It V ~ kloglogT', k > 0,

00 6—22/ loglog T

P(l 1/2 4+ 1 ~ dz.
(log|C(1/2 + ir)| > V) ck/V e




Large values on the critical line

» Sound. 09 and Harper '12 showed on RH that
My(T) < (logT)*" 5, k>0

» Radizwill , Heap & Sound. 19 proved the above
unconditionally for 0 < k£ < 2.

» Lower bounds were proved by Radziwill & Sound. '13 and
Heap & Sound. 20
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Large values on the critical line

Theorem (A-Bailey '22)
Let V ~ aloglogT with 0 < « <@ We have

1 2
P(] 1/2 +i7)| > V) <, —V*/loglogT"

In particular, this gives a new proof of the fractional moment
bound of RHS ’"19.
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Sketch of Proof

Granville & Sound. on Re s = 1: compare ¢ with a short
(random) Euler product: p < logT.

Here we need p < T/100

Re p—iT
S = Z (1/2 ), k <loglogT

p<exp(ek)

» Think of (Sg,k > 1) as a random walk:

Skr1— Sk~ 1ID N(0,1/2) Mer’b—“ﬁ

» For k close to loglog1', Si. should be a good approximation
for log [C(1/2 4 iT)|.



Sketch of Proof

Moments of S

E S| = %(WW +0 (eXp(;qek))
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» Fact: For large deviation V' ~ aloglog1', need q of the
order of loglogT'.

» Problem! For such ¢’s can only take k < log, T'— clog; T or

p < Tl/(log log T)C.

How to deal with longer Dirichlet polynomials?



Sketch of Proof

Consider the event H = {log [((1/2 +iT)| > V}.
Define for 1 < /¢ < L

Ty = T 1081 1) k) = loglog Ty = loglog T — clogy oT

We also consider the good events
Gy = {Skj € |L;,Uj;] V5 < £}

Ug=ake+ Blogy o, T Ly=ak —Clog,,T

P(H)=PHNG))+ » PHNG NG, +PHNG)
1<4<L



Sketch of Proof
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Evaluating the dominant term

P(HNGy) =

N e VIR [Ce ke 'Sy, € [v,0 4+ 1], Sk, € [L;, Uyl < c)}
vE[L,,Ur]

@ Ce ke (My... Mg

(2) 1(Sk, € [v,0+1], Sk, € [L;,U)],5 < £) = Q
Dirichlet polynomial with primes < T,

(3) B[lCM: ... Mc[*|Q2) ~ EB[ICM ... M| - BlQP?) [

”l% Vname,w+

P(Sk, € [v,v + 1], Sk, € [L;,Uj],j < L) can be evaluated

|SKQ_“_SK( ‘é MQJ L{ = |°‘32+aT Order O'F\‘Hne,
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3. Maximum 1n short intervals
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Maximum 1n short intervals

Consider intervals of size (logZ)? on the critical line

Corollary (A-Bailey '22)
Let 0 < 6 < 3. We have for y = o(loglogT)

C(1/2+i(r + b)) > ev— 18T
IMNax 1\ 7T (&
h<(log T)® (log log T')1/(4v1+0)

with probability < e=2V1+0y . g=y*/loglogT
E{Pow\‘ta\ GousSion

Proof.
By the theorem and Riemann-von Mangoldt, the probability is
~V?2/loglogT
€
< (logT)*? .
(log T) Vioglog T

forV:\/1—|—910g2T—4\/1ﬂ10g3T—|—y. []



Maximum 1n short intervals

Fyodorov-Hiary-Keating Conjecture '12:

log T
1/2 h))
\If?yi}i’a [2+i(r+ 1) loglogT.

where Mt — M in distribution.

Theorem (A-Bourgade-Radziwitt 20 "22+)

log T’
y —
I}I}?{(l((l/2+l(7’+h))‘ > e (log log T4/ D

with probability <@ e~ 2 . e/ log logT" 9y = o(loglog T).

log T
1/2 Y

with probability o(1) as T — oo and y — oc.



Maximum 1n short intervals

Fyodorov-Hiary-Keating Conjecture '12:

log T eMT

f;ﬁi}f IC(1/2+4(T+h))| = (loglogT)3/4 .

where M1 — M in distribution.

—i(7+h)
Sk = > Re(pp1/2 )k <loglogT, hel-1,1]
p<exp(eF)

Random walks are log-correlated.

1 cos(|h — h'|logp 1 _
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p<exp(eF) p



Numerics!
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