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Some useful facts on ⇣

⇣(s) =
1X

n=1
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=

Y

p prime

(1 � p
�s)�1

, Re s > 1

⇣(s) = 2s⇡s�1 sin
⇣
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2
s

⌘
�(1 � s)⇣(1 � s)

⇣(1/2 + it) =
X

nT

n
�1/2�it +O(T�1/2), t 2 [T, 2T ]

Riemann von-Mangoldt:
N(T ) = T

2⇡ log T
2⇡e +O(log T )
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Outline

1. Distribution of typical values on the critical line

2. Distribution of large values on the critical line

3. Large values in short intervals (if time permits)



1. Typical values on the critical line



Selberg’s Central Limit Theorem

Theorem (Selberg’s CLT)

Let ⌧ be a uniform random variable on [T, 2T ], then

log |⇣(1/2 + i⌧)|q
1
2 log log T

! N (0, 1).

What about values beyond
p
log log T?

P(log |⇣(1/2 + i⌧)| > V )
?⇠
Z 1

V

e
�z2/ log log T

p
⇡ log log T

dz

Radziwi l l ’11: Holds up to V ⌧ (log log T )3/5�"



Selberg’s Central Limit Theorem

Figure: Distribution of 10000 values of log |⇣(1/2+⌧)|p
1/2 log log T



2. Large values on the critical line



Large values in the critical strip

I Granville & Sound. ’05: Distribution of log |⇣(1 + i⌧)| for V
up to log3 T

I Lamzouri ’11: Distribution of log |⇣(� + i⌧)| for V up to

⌧ (log T )1��

log log T for 1/2 < � < 1
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Large values on the critical line

Lindelöf hypothesis: µ(1/2) = 0 or

Mk(T ) =
1

T

Z 2T

T
|⇣(1/2 + it)|2kdt = E[|⇣(1/2 + i⌧)|2k] ⌧ T

"

Moments Conjecture:

E[|⇣(1/2 + i⌧)|2k] ⇠ Ck(log T )
k2
.

for Ck = akfk, fk is predicted by RMT (Keating & Snaith ’00).

Radziwi l l’s Conjecture: If V ⇠ k log log T , k > 0,

P(log |⇣(1/2 + i⌧)| > V ) ⇠ Ck

Z 1

V

e
�z2/ log log T

p
⇡ log log T

dz.

Mco lineup logfastitll
To logt

knownfor
K 1.2



Large values on the critical line

I Sound. ’09 and Harper ’12 showed on RH that

Mk(T ) ⌧ (log T )k
2+"

, k > 0

I Radizwi l l , Heap & Sound. ’19 proved the above
unconditionally for 0 < k  2.

I Lower bounds were proved by Radziwi l l & Sound. ’13 and
Heap & Sound. ’20
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Large values on the critical line

Theorem (A-Bailey ’22)

Let V ⇠ ↵ log log T with 0 < ↵ < 2. We have

P(log |⇣(1/2 + i⌧)| > V ) ⌧↵
1p

log log T
e
�V 2/ log log T

.

In particular, this gives a new proof of the fractional moment
bound of RHS ’19.
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Sketch of Proof

Granville & Sound. on Re s = 1: compare ⇣ with a short
(random) Euler product: p  log T .

Here we need p  T
1/100.

Sk =
X

pexp(ek)

Re(p�i⌧ )

p1/2
, k  log log T

I Think of (Sk, k � 1) as a random walk:

Sk+1 � Sk ⇡ IID N (0, 1/2)

I For k close to log log T , Sk should be a good approximation
for log |⇣(1/2 + i⌧)|.

Mertens



Sketch of Proof

Moments of Sk

E
h
S
2q
k

i
=

(2q)!

2qq!
(k/2)q +O

⇣exp(2qek)
T

⌘

I Fact: For large deviation V ⇠ ↵ log log T , need q of the
order of log log T .

I Problem! For such q’s can only take k < log2 T � c log3 T or

p  T
1/(log log T )c

.

How to deal with longer Dirichlet polynomials?

Gaussianmomints



Sketch of Proof

Consider the event H = {log |⇣(1/2 + i⌧)| > V }.
Define for 1  `  L

T` = T
1/(log`+1 T )c

k` = log log T` = log log T � c log`+2 T

We also consider the good events

G` = {Skj 2 [Lj , Uj ] 8j  `}.

L` = ↵k` + B log`+2 T U` = ↵k` � C log`+2 T

P(H) = P(H \ G
c
1) +

X

1`L
P(H \ G` \ G

c
`+1) +P(H \ GL)
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Sketch of Proof
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Evaluating the dominant term

P(H \ GL) =
X

v2[LL,UL]

e
�4(V�v)E

h
|⇣e�SkL |41(SkL 2 [v, v + 1], Skj 2 [Lj , Uj ], j  L)

i

1. ⇣e
�SkL ⇡ ⇣M1 . . .ML

2. 1(SkL 2 [v, v + 1], Skj 2 [Lj , Uj ], j  L) ⇡ Q

Dirichlet polynomial with primes  TL

3. E[|⇣M1 . . .ML|4|Q|2] ⇡ E[|⇣M1 . . .ML|4] · E[|Q|2]

4. P(SkL 2 [v, v + 1], Skj 2 [Lj , Uj ], j  L) can be evaluated
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3. Maximum in short intervals

A 2T Tr
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Maximum in short intervals

Consider intervals of size (log T )✓ on the critical line

Corollary (A-Bailey ’22)

Let 0  ✓ < 3. We have for y = o(log log T )

max
h(log T )✓

|⇣(1/2 + i(⌧ + h))| > e
y (log T )

p
1+✓

(log log T )1/(4
p
1+✓)

with probability ⌧ e
�2

p
1+✓y · e�y2/ log log T

.

Proof.

By the theorem and Riemann-von Mangoldt, the probability is

⌧ (log T )1+✓ · e
�V 2/ log log T

p
log log T

for V =
p
1 + ✓ log2 T � 1

4
p
1+✓

log3 T + y.

ExponentialTaussian



Maximum in short intervals

Fyodorov-Hiary-Keating Conjecture ’12:

max
|h|1

|⇣(1/2 + i(⌧ + h))| = log T

(log log T )3/4
· eMT

where MT ! M in distribution.

Theorem (A-Bourgade-Radziwi l l ’20 ’22+)

max
h1

|⇣(1/2 + i(⌧ + h))| > e
y log T

(log log T )3/4

with probability ⌧ y · e�2y · e�y2/ log log T
, y = o(log log T ).

max
h1

|⇣(1/2 + i(⌧ + h))| < e
�y log T

(log log T )3/4

with probability o(1) as T ! 1 and y ! 1.
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Maximum in short intervals

Fyodorov-Hiary-Keating Conjecture ’12:

max
|h|1

|⇣(1/2 + i(⌧ + h))| = log T

(log log T )3/4
· eMT

where MT ! M in distribution.

Sk(h) =
X

pexp(ek)

Re(p�i(⌧+h))

p1/2
, k  log log T, h 2 [�1, 1]

Random walks are log-correlated.

E[Sk(h)Sk(h
0)] =

1

2

X

pexp(ek)

cos(|h � h
0| log p)

p
⇠ 1

2
log(|h�h

0|�1^ek)



Numerics!

Mean of max|h|(log T )✓ log |⇣(1/2 + i(⌧ + h))| as a function of ✓
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