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Moments of Dirichlet L functions

where x indicates “primitive characters” associated to nonvanishing results.

Chowla's conjecture: L(%, X) # 0 for Dirichlet L-functions associated to
primitive characters y.
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Nonvanishing results from moments

By Cauchy-Schwarz,
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Moments of primitive quadratic Dirichlet [-functions

Using Random Matrix Theory, Keating and Snaith (2000) conjectured that
S LG ~ aX(logX)

x mod d
quadratic, d<X

@ k =1 Jutila (1981)
@ k =2 Jutila (1981), Soundararajan (secondary main term, 2000)
e k = 3 Soundararajan (2000), Diaconu, Goldfeld, Hoffstein (2003)
@ k =4 Shen (2019+ under GRH) following Soundararajan and Young

(2010).

- X 1-¢
nonvanishing > ~ X
log X "

e Soundararajan (2000) with mollified moments: e

nonvanishing for at least 7/8. | SRS
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Moments for cubic characters

e Conjecture (Conrey-Farmer-Keating-Rubinstein-Snaith (2005))

*
1 k
E L(EX) ~ CkX.
x mod d
cubic, d<X

@ Q (no Kummer case), k = 1 Baier & Young (2010)
e Q(&3) (Kummer case, Hecke L functions),

Luo (2004)
first moment ~ cX for a thin family (CJ-free conductor).

#{x (mod d) : x> = x0, N(d) < X}* ~ CXlog X  vneech
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Function fields

Let g power of a prime, Iy finite field with g elements.

Number Fields Function Fields
Q A Fq(T)
Z o Fo[T]
p positive prime < P(T) monic irreducible polynomial

ol = [2/nZ] =n €N & |F(T)| = [Fo[TI/(F(T))| = g¢"

1 1
((s) = E = A4 Cq(s) = E : s
n |F e dh
n=1 FeFq[T] e ontreal
F monic
Riemann Hypothesis O o Riemann Hypothesis © i
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Moments of quadratic L-functions over function fields

Andrade and Keating (2014) conjectured

* k k(k+1)
LG ~ g (2 +1)
x quadratic
genus(x)=g

and proved this for k = 1.

o Florea (2017, several papers) second order term for k = 1 and cases
k=2,3,4.

@ Bui and Florea (2016) nonvanishing for > 94% using one-level
density, studying zeros near 1/2.
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.
First moments of cubic L-functions over function fields

Theorem (David, Florea, L. (2019+))
Let q be an odd prime power such that g =2 (mod 3). Then

S L) =A¢ 10 (q%g*eg) :

X cubic
genus(x)=g

Theorem (David, Florea, L. (2019+))

Let q be an odd prime power such that g =1 (mod 3). Let x3 be a fixed
cubic character on Fy

* 7
Y LG =Gt + GeEt 4+ 0 (ng‘* 7“@') :

X cubic
genus(x)=g
Xlrg=x3
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Nonvanishing for cubic L-functions (Non Kummer)

@ nonvanishing for > ¢& /g **.

o Ellenberg-Li-Shusterman (2020) nonvanishing for > ¢&/g'/?.

@ One-level density does not give a positive proportion for nonvanishing.

Theorem (David, Florea, L. (2020+))
Let g be an odd prime power such that g = 2 (mod 3).

#{xaiosennt .t () #) 2 .

where ¢ > 0 is an explicit constant.

David, Florea, Lalin* (U de M - CRM) Nonvanishing for G- L-functions Conférence Québec-Maine 9/19



General Strategy - Mollified moments
Idea goes back to Selberg (1946) and Soundararajan (2000)

Mx)~ ). M, behaves “like L(3,x)7".

1
plf=degP<n |f|2
Q(f)<t

> LG x)M(x) ~Bigé,
X cubic
genus(x)=g

> LG )M <Bagt.
X cubic
genus(x)=g

By Cauchy-Schwarz
_ 1 Y B?
# X cubic,genus(x) = g, L { 5. x | #0p = 2-¢%.
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The first mollified moment

Evaluate

S LA 0)x(h),

X cubic
genus(x)=g

where h is a polynomial (of low degree) coming from the mollifier.

@ Approximate functional equation gives principal and dual terms.
@ Main term coming from cubes in principal term, Perron formula.
@ Non-cubes from principal term bounded by Lindelof.

°

Dual term coming from generating series of cubic Gauss sums.
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Bounding the mollified second moment

Our goal:
Y LG OMX)P < BagE.

X cubic
genus(x)=g

The method for finding this bound depends on works of

@ Soundararajan (2009): almost sharp bounds for moments of ((s)
(under RH).

e Harper (2013+): sharp bounds for moments of ((s) (under RH).

o Lester & Radziwitt (2019+): sharp bounds for mollified moments
in the family of quadratic twists of modular forms (under GRH).
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Bounding L

Soundararajan (2009), adapted by Bui, Florea, Keating, Roditty-Gershon
(2019) to function fields:

Bounding log |L(%,X)] by a short Dirichlet polynomial.
Re(x(P))a(P g
Iog|L(%,X)| < Z M

+ 5 o).

N

deg(P)<N "D‘

Re(x(P P,N
\L(%,X)V‘ <exp | k Z e(x( ))f( N) + small things
2
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Bounding the exponential

e(x(P))a(P,N
L3, )< <exp | K Z Re(x( ))f( M) + small things
deg P<N |P|2
Lester & Radziwitt (2019+): Use the bound
e <(1+ e*[/z)zt—s
- s!
s</t
for t < /¢/e? and / even.
s
SR
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How this leads to the mollifier

Sums of

s! 2s

Re P s 1 2 a(fh)v(f)v(h
(RePi(x))” 1 3 x(h?) (|fh|)é( )( ),
P|fh=-Pcl
Q(fh)=s

where v(P?) = L multiplicative, Q number of prime factors counted
with multiplicity.

This leads to AP (F)
X 1%
Mx)= Y =
P|f=Pel |f]2
Q(F)<¢
where A(n) = (=1)%" is the Liouville function. o th

iATIQUE
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Bounding the mollified moment with the exponential

Say I = (0, Ag].
S (RePi(0))IM(x)* < qfg°D(C(log g)V/2A)1/
X cubic
genus(x)=g
It does not work if A is a constant, take A ~ |oég.
q® q®

<

(log g )(oe8)/2 < 100000000

Following Lester & Radziwitt (2019+),

IO - (0)g00]7 ll — (g007g01]7 ey IJ — (ge./—].)geJ]a
e/
R —
(log )"
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Bounding the mollified moment in the other cases

S LG KM
X cubic
genus(x)=g
Re Pi(x)> 5

2
* p k (ke Re Pi(x)\*
< Y IGaKMe)r ()
X cubic
genus(x)=g >1
* AR « (ke?\2s 2k ARG
(X7 LGP Y () IMOOPARe Pi0))®)
X cubic X cubic
genus(x)=g %enUS(X):g
(qggk2)1/2 1/2
( (log g)?'ig 8)/2 ) U"&fiﬂf&i&l
= o(q®) f it
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An explicit constant (somehow small)

Theorem (David, Florea, L. (2020+))

Let q be an odd prime power sucht that ¢ =2 (mod 3). Then

# {x, cubic, genus(x) = g, X) # }

_ 182
; >0.47e ¢
#{x, cubic, genus(x ) = g}
V.
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Merci de votre attention!!!

Thanks for your attention!!!

A

Ca va bien aller.
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