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What are Bessel functions outside of GL(2)7?

Let
e G = PGL(n,R) = GL(n,R)/R*,

e U(R) the upper triangular unipotent matrices,

Y the diagonal matrices,

Y+ the positive diagonal matrices,

o K= PO(n,R).
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What are Bessel functions outside of GL(2)7?

Define characters
e of Y:

al n ai n
pﬂ( ):H\aiwu Xa( )=Hsgn<a,->5f,
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i=1 i=1
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Define characters
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What are Bessel functions outside of GL(2)7?

Define characters
e of Y:

ai n al n
Pu( ) =] Jlail", X&( ) =[] sen(an)”,
an an

i=1 i=1

o of U(R): ¥y (x) =vi(yxy ™) =e(yix1 + ...+ Yn—1Xn—1),
Yi-Yn—1

YiYn—2 1 xn *
y= -,_yl ) X = ....i.x1 ,
1 1
@ normalizations: p = (”%1, ”%3, . —”%1) US€ Pyyp, assume

n
Z pi = 0, extend to G by ppyu(xyk) = ppiu(y).
i=1
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What are Bessel functions outside of GL(2)7?

Spherical Jacquet-Whittaker function:

W(ga,uﬂd)) = JU(R) Pp-i—u(Wng)WdX, w = (1 1) ‘
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What are Bessel functions outside of GL(2)7?

Spherical Jacquet-Whittaker function:
— 1
W(g, p. ) = J Pp+u(wWixg)(x)dx, wy = ( ) )
U(R) 1

Since p,4, is an eigenfunction of the Casimir operators, so is the
Whittaker function, with the same eigenvalues.

Call u the (Harish-Chandra/Langlands) spectral parameters.
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What are Bessel functions outside of GL(2)?

Conjecture (Interchange of Integrals)

If f(1) is homorphic with rapid decay on an open tube domain
containing Re(u) =0, and y € Y, t € G, then

J f W (ywxt, p, ) dp iy (x)dx
U(R) JRe(u)=

J f(p )R (v, t,w)dpu,
Re(n)=0

where

~

Kw,()’» t, ,U’) = lim J h (@) W(yW/Xt,,U,ﬂ/J/) /(X)dX
U(R)

R—0

is smooth in t and y, entire in u and polynomially bounded in the
coordinates of y, t,y % t=1 u for Re(11) in some fixed, compact set and
h smooth and compactly supported with h(0) = 1.

Convergence!
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What are Bessel functions outside of GL(2)7?

It follows from work of Shalika that

~

le(ya taﬂ) = KW/()/MU) W(t,u,z/)/)

for some function Ky, (y, 1), and this is called the long-element, spherical
Bessel function for GL(n).
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What are Bessel functions outside of GL(2)7?

It follows from work of Shalika that

~

K, (v, t, 1) = K, (y, ) W(t, p, v1)

for some function Ky, (y, 1), and this is called the long-element, spherical
Bessel function for GL(n).

Kw, (v, 1) has the bi-U(R)-invariance property

KW/<XY7N) = KW/(Y(W/XW/)au) = w/(X)KW/(ynU“)?

and is an eigenfunction of the Casimir operators with eigenvalues
matching p, .
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What are Bessel functions outside of GL(2)7?

It follows from work of Shalika that

~

K, (v, t, 1) = K, (y, ) W(t, p, v1)

for some function Ky, (y, 1), and this is called the long-element, spherical
Bessel function for GL(n).

Kw, (v, 1) has the bi-U(R)-invariance property

KW/<XY7N) = KW/(Y(W/XW/)au) = w/(X)KW/(ynU“)?

and is an eigenfunction of the Casimir operators with eigenvalues
matching p, .

There are Bessel functions Ky, (y, i1, d) attached to the other elements of
the Weyl group and to non-spherical ys # 1, as well.
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What do we know about these Bessel functions?

Conjecture (Asymptotics)

Dropping the y integral and ignoring issues of convergence, replacing the
Whittaker function in the definition of Ky, (y, ,d) with its first-term
asymptotics as Y 3 y — 0 yields the first-term asymptotics of

KW(yaM7 6)
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What do we know about these Bessel functions?

Conjecture (Asymptotics)

Dropping the y integral and ignoring issues of convergence, replacing the
Whittaker function in the definition of Ky, (y, ,d) with its first-term
asymptotics as Y 3 y — 0 yields the first-term asymptotics of

KW(ya 22 6)

Conjecture (Uniqueness)

The function Ky, (y, i, d) is uniquely determined by its first-term
asymptotics, bi-U(R)-invariance and eigenvalues under the Casimir
operators.
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What do we know about these Bessel functions?

The uniqueness conjecture is true in the long element case:
° p_p(g)KW,(ggT, i, 0) is the spherical Whittaker function
W(g,2u,1?), up to a function C(u, )
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What do we know about these Bessel functions?

The uniqueness conjecture is true in the long element case:
° p_p(g)KW,(ggT, i, 0) is the spherical Whittaker function
W(g,2u,1?), up to a function C(u, )

o so for y € Y, K, (v, 11,6) = C(u,0)pysa(y) W (¥, 201, 97)
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What do we know about these Bessel functions?

The uniqueness conjecture is true in the long element case:
° p_p(g)KW,(ggT, i, 0) is the spherical Whittaker function
W(g,2u,1?), up to a function C(u, )

o so for y € Y, K, (v, 11,6) = C(u,0)pysa(y) W (¥, 201, 97)

o from Hashizume's solution of the Whittaker differential equations:

Ky (v 1:6) = > Cul1t, 8, sgn(y))Jw, (v, 1),
weW

Jun (Vs 18) = Pprp(y) DY) am(p)(4xy)"

n—1
meNg

n—1 n—1
(Z(mj - mj+1 Z mp—j M_/-i—l ,U«J ) Z am— eJ

j=0 j=1
aop(p) =1, mg = m, = 0.
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What do we know about these Bessel functions?

The uniqueness conjecture is true in the long element case:
° p_p(g)KW,(ggT, i, 0) is the spherical Whittaker function
W(g,2u,1?), up to a function C(u, )

o so for y € Y, K, (v, 11,6) = C(u,0)pysa(y) W (¥, 201, 97)
o from Hashizume's solution of the Whittaker differential equations:

Ky (v 1:6) = > Cul1t, 8, sgn(y))Jw, (v, 1),
weW

Jun (Vs 18) = Pprp(y) DY) am(p)(4xy)"

n—1
meNg

n—1 n—1
(Z(mj - mj+1 Z mp—j M_/-i—l ,U«J ) Z am— eJ

j=0 j=1
aop(p) =1, mg = m, = 0.

@ The asymptotics determine C,, (i, 6, sgn(y)).



What do we know about these Bessel functions?
What about the other Weyl elements?



What do we know about these Bessel functions?

What about the other Weyl elements?

@ The long element case of the interchange of integrals is the most
difficult (highest dimension), the others are only difficult because
there are many things to keep track of.
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What do we know about these Bessel functions?

What about the other Weyl elements?

@ The long element case of the interchange of integrals is the most
difficult (highest dimension), the others are only difficult because
there are many things to keep track of.

@ The positive sign case is no longer the spherical Whittaker function,
so we lose Hashizume's (and Harish-Chandra’s) and Stade’s work, so
we have to work out the differential equations and power series
solutions ourselves.
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What do we know about these Bessel functions?

What about the other Weyl elements?

@ The long element case of the interchange of integrals is the most
difficult (highest dimension), the others are only difficult because
there are many things to keep track of.

@ The positive sign case is no longer the spherical Whittaker function,
so we lose Hashizume's (and Harish-Chandra’s) and Stade’s work, so
we have to work out the differential equations and power series
solutions ourselves.

@ The trivial Bessel function is 1; the Voronoi Bessel function
(probably) also shows up.
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Work in progress.

Theorem (B, in progress)

The interchange of integrals conjecture is true in the spherical and
non-spherical cases for all Weyl elements on GL(2), GL(3), GL(4) and
Sp(4).
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Work in progress.

Theorem (B, in progress)

The interchange of integrals conjecture is true in the spherical and
non-spherical cases for all Weyl elements on GL(2), GL(3), GL(4) and

Sp(4).

Theorem (B)

Assuming the interchange of integrals, the asymptotics conjecture is true
for all Weyl elements in the spherical and non-spherical cases on GL(n).

v
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Applications - Spectral Kuznetsov trace formula.

Take the Fourier coefficient of a Poincaré series using Wallach's
Whittaker inversion formula and Langland's spectral expansion:

Js )pg(nfpg(m_)f(ug)vv(t, e, 1)

Z Z Pp ¢ma¢na ) (f;mcwn_lw_l)’

weW ceA(Z)
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Applications - Spectral Kuznetsov trace formula.

Take the Fourier coefficient of a Poincaré series using Wallach's
Whittaker inversion formula and Langland's spectral expansion:

Js )pg(nfpg(m_)f(ug)vv(t, e, 1)

Z Z Pp ¢ma¢na ) (f;mcwn_lw_l)’

weW ceA(Z)

Hy(f;y) = p—p(y)f K (y, 1 X)F ()W (t, 1, x5 0, 01)d*
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Applications - Spectral Kuznetsov trace formula.

Take the Fourier coefficient of a Poincaré series using Wallach'’s
Whittaker inversion formula and Langland's spectral expansion:

Js )pg(nfpg(m_)f(ug)vv(t, e, 1)

Z Z Pp ¢ma¢na ) (f;mcwn_lw_l)’

weW ceA(Z)

Hy(f;y) = p—p(y)f K (ys 1, ) F () W (8, 1, X, 05901)d™

alo

General Stone-Weierstrass-type argument to get rid of the spare
Whittaker function?
Still needs Stade’s formula to convert to Hecke eigenvalues.
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Applications - Arithmetically-weighted Weyl laws.

From the Spectral Kuznetsov formula, the Mellin-Barnes integrals of the
Bessel functions and good bounds for the Kloosterman sums, we get

1
- de —J dspectt + O J epect
J L(1,Ad?¢) Q % (aQ+B(o,1) °Pee

B(o)
/LgEQ

Theorem (Blomer/B)
Arithmetically-weighted Weyl laws with error term for SL(3,7Z).

On a set T€2, we can probably improve the radius in the error term from
1 to (log T)~° for some § € (0, 3).
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Applications - Subconvexity.

With much work, we get

Theorem (Blomer,B)

For ¢ a cusp form for SL(3,Z) such that p is in “generic position”,
1. If ¢ is spherical, then L(2, ) « |7~ 700
2. If ¢ has weight d > 3, then L(L,$) « [~ 100

Generic position: puj, i — pj = ||p).
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Thank you!
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