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ABSTRACT

The elliptic genus of a compact complex manifold
can be defined as the integral over M of some
multiplicative class. If the first Chern class of
M vanishes, then the elliptic genus of M is a Ja-
cobi form. We will discuss the elliptic genus for
non-compact manifold, in particular, the Hilbert
scheme of points on C*? which we will be denoted
by Hilb™[C?] and we will also discuss its recursive
structure in terms of Hecke operators.

MODULAR FORMS

A modular form of weight w € Z is a holomor-
phic function on H and at the cusp P, satistying
the following functional equation

f(g:ig) = (et +d)V f(7), ( z Z > € SLy(7Z)

Its Fourier series is of the form f(7) =
o0

Y a(n)e*™" . If a(0) = 0, then the modular form
n=0
f is referred to as the weight w cusp form.

Jacobi Forms: letw € Z ,¢ ¢ ZT,7 € H, z € C.
A Jacobi form is a holomorphic function J : H X
C — C which satisfies the following modular and
elliptic properties:
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= (cT + d)Ve er+d

+b
J( g:—l—d 7 CTid)

J(T,2)

J(T,z+ur +v) = 6_2”""6(“27”“2)(](7', ),

a b

h
where < .
Fourier expansion of the form

Z CL(TZ, 8)627T73(n7'—|—sz)

n LEL

> € SLy(Z) and u,v € Z. It has

J(T,2) =
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HiLB"[C?2

As a set Hilbert scheme of points on C# is the set
of ideals in the polynomial ring C|z 1, z2| such that
the as a quotient space C|x1, x2]/I is isomorphic
to a k-dimensional vector space over C i.e.,

Hilb"[C?] = {I C Clxy,xs] | dim(Claq, z5]/I) = k}

Example: The ideal I =< z¥, x5 > is an ideal of
Colength k in C[Clj‘l, 5132]

The action of torus T on C? induces an action on
ideals in C|x1, z2] in the following way,

(t1,t2) - T = {(f(t7 'w1,t3 " @2)) | f(w1,w2) € I}

Since, this action preserves the length of the ideal,
therefore, it induces the torus action on Hilb*[C?].
The fixed points of the torus action on Hilb*[C?]
are the monomial ideals. According to Ellingsrud
and Stremme there is a one to one correspon-
dence between the fixed points monomial ideals
of length k in C|x, x2| and the partitions v of k.

v 1, = (&3 | (r,s) ¢ v}
I = v(I) = {(r,s)| e} ¢ T}

The basis set of vector space C|z1,z3]/1 is the set
B, = {x{x5|(r,s) € v}.

1 T

— (37 1)

1, = (./L'% L1L2, CU%)

The tangent space at fixed point I of T* action
and corresponding to the Young diagram Y is

Ty (Hilb"[C2)) = SO (#1001, o) g sttty

vey
Here, a(v) is the arm length and /¢(v) is the leg

length of the partition.
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ELLIPTIC GENUS

Let M be a compact complex manifold dimen-
sion d. Consider the formal power series in ¢ =
e’T'T y = ™% whose coefficients are vector bun-

dles

)

b, :y_d’/2 ® ( N_y—1gn—1 E* ® N_yqn B

n=1

where E™ is dual to the vector bundle ' and 77, is

dual to the tangent bundle 7).

AE = S (ANPE)y* and S,E = > (SF¥E)y*,
k>0 k>0

where A® and S* are the k-th exterior product

and symmetric product respectively. The elliptic
genus is defined as

Xel (M) = y_d/2 /M Ch(Eq,y>Td(TM)

RECURSIVE STRUCTURE

Consider the generating function using the elliptic
genus of Hilb"[C?]

Z(r,t.ze12) =y QFxen(Hilb*[C?),

k>0

where () = e~*. This generating function is ba-
sically the Nekrasove Partition function, the free
energy associated to this partition function is

F(r,t,z,€12) = log (Z(T, t, 2, 61,2)

The free energy has the summation of the follow-
ing form

F(Ta t? 2 61,2)

= Q*"G™M(r,m, €1)

k>0
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When dimM=dimFE = d, then in term of chern
roots it simplifies to the following integral

_d/2/ H$291 T, 2 %’)zz)

T, 277’1,

Xell (M

In case, M is non-compact manifold and admits
a torus action with r fixed points, then we can in-
tegrate the integral using equivariant localization

Xel (M) =y~ /2 Z H (7, 2 :lv :J)
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Here, 6, (7, m) is an odd Jacobi form

11 = _
0y(7,2) = —igSy? H (1-¢")(1=¢"y)(1—¢" "'y

where G(¥) is a Jacobi form. The coefficient of Q,
G'Y) has the following expression

O1(7,2 +€_)01(T,2 —€_)
O1(1,er +e_ )01 (1,64 —€_)

G(l) (7-, & s 61’2) —

Here, e, = 72 and e_ = <52 It was shown by

[1] that all G(*) can be written in term of Hecke of
(1)

F(Tat7zael,2) — ZQka(G(l) (Tazvel,Q))

k>0

where H}; is the linear operator which preserves
the weight of the Jocbi form and is defined as

— LW 1 Z Z d{uJ a’r—l—b CLZ)

ad, ()k 0<b<d

(HgJ)(T
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