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Modular forms

Definition

A modular form of weight k (k > 2) for a congruence subgroup
I'o(NV) of SLa(Z) is a holomorphic function
f:H={reC,Im(r) >0} — C such that

at +b
ct +d

F128)e(r) = f(

and f[a]y is holomorphic at oo for all v € SLy(Z).

)(er +d)™F = f(r) for all (Z Z) € I'o(N)
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Modular forms

Definition
A modular form of weight k (k > 2) for a congruence subgroup

I'o(NV) of SLa(Z) is a holomorphic function
f:H={reC,Im(r) >0} — C such that

at +b
ct +d

F128)e(r) = f(

and f[a]y is holomorphic at oo for all v € SLy(Z).

)(er +d)™F = f(r) for all (Z Z) € I'o(N)

Also, f has a Fourier expansion:
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Modular forms

Definition

A modular form of weight k (k > 2) for a congruence subgroup
I'o(NV) of SLa(Z) is a holomorphic function
f:H={reC,Im(r) >0} — C such that

at +b

f[(‘éfz)]k(T)Zf(CT_i_d

)(er +d)™F = f(r) for all (Z Z) € Ty(N)

and f[a]y is holomorphic at oo for all v € SLy(Z).

Also, f has a Fourier expansion:
e .
f@) = an(f)g", q=€"".

n=—oo

If ap = 0 in Fourier expansion of f[a]j for all & € SLa(Z). then fis a cusp
form. Let Si(I'o(N)) be the space of cusp form
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Hecke operator

We can define Hecke operators T; and U, on this space as follows:
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Hecke operator

We can define Hecke operators T; and U, on this space as follows:

Tlf(T) = Z (anl(f) +pk_1an/l(f))qn when (Nvl)zl

n>0
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Hecke operator

We can define Hecke operators T; and U, on this space as follows:

Tlf(T) = Z (anl(f) +pk_1an/l(f))qn when (Nvl)zl

n>0

Upf(r) = Z (anp(f))q”vvhen p devides N
n>0
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@ There exist a basis of S;(I'o(N)) consisting of eigenfunctions for all
Hecke operators, called eigenforms

@) = an(f)g"
n=1
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@ There exist a basis of S;(I'o(N)) consisting of eigenfunctions for all
Hecke operators, called eigenforms

@) = an(f)g"
n=1

@ Normalize the eigenforms so that a; =1. We have

T,f =apf.

@ The p-adic valuation of a,, is called the slope of the eigenforms.
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Gouvea Conjecture

Conjecture (Gouvéa)

Let puy, denote the density measure on [0, 1] given by the set of U,-slopes
on Sk(To(Np)), which are normalized by being divided by k — 1 and are
counted with multiplicities. As k — oo, up converges to the sum of the
delta measure of mass 2=+ at 1 and the uniform measure on

0, 211 U [-2s, 1] with ot

) o with total mass ——

i1 1 +1
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Jacquet-Langlands Correspondence

The Jacquet-Langlands correspondence allows translating the problem
about modular form to autormorphic forms on definite quaternion algebras.
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Jacquet-Langlands Correspondence

The Jacquet-Langlands correspondence allows translating the problem
about modular form to autormorphic forms on definite quaternion algebras.
The upshot is that we can work with these forms " combinatorically”
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Definite quaternion algebra

Let D be the quaternion algebra over Q that ramifies exactly at 2 and
0o,explicitly
D = Qi j)/(i* = j* = ~1,ij = —ji).
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Definite quaternion algebra

Let D be the quaternion algebra over Q that ramifies exactly at 2 and
oo,explicitly

D :=Q(i, j)/(i* = j* = —L,ij = —ji).
In particular, D splits at p =5, i.e D ®g Q5 = M2(Q5)
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Definite quaternion algebra

Let D be the quaternion algebra over Q that ramifies exactly at 2 and

0o,explicitly
D = Q(i,5)/(i* = j*> = —1,ij = —ji).

In particular, D splits at p =5, i.e D ®g Q5 = M2(Q5)

We fix an isomorphism such that
Vs 0 0 —Uls
(0 —1/5) and k — (—1/5 0 )

Lo (PO (0 Y
0o 1) 7 \=1 o)/

where v5 is a square root of -1 in Q5: v5 =2+5+ ...
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Level structure

Put Df :D®Af.
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Level structure

Put Dy = D ® Ay.For each [ # 2, we identify D ® Q; with M>(Qy).
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Level structure

Put Dy = D ® Ay.For each [ # 2, we identify D ® Q; with M>(Q;). For

l =2, we use D*(Z2) to denote the maximal compact subgroup of
(D X Qg)x.
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Level structure

Put Dy = D ® Ay.For each [ # 2, we identify D ® Q; with M>(Q;). For
l =2, we use D*(Z2) to denote the maximal compact subgroup of

(D & Qg)x.
We consider the following open compact subgroup of D?:

7% Zs
—_ DX | | 5
U=D (Zg) X = 5GL2(Z() X <5Z5 1+ 5Z§)
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Level structure

Put Dy = D ® Ay.For each [ # 2, we identify D ® Q; with M>(Q;). For
l =2, we use D*(Z2) to denote the maximal compact subgroup of

(D & Qg)x.
We consider the following open compact subgroup of D?:

7% Zs
—_ DX | | 5
U=D (Zg) X = 5GL2(Z() X <5Z5 1+ 5Z§)

Remark: there is a natural isormorphism

DXin)D;
(6, u) ——— du
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Overconvergent automorphic forms

Consider the weight k overconvergent automorphic forms:
S,?’]L(U) = {gp : DX\D; — Q5(2); s.t. w(gu) = @(g)|u; for all u € U}
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Overconvergent automorphic forms

Consider the weight k overconvergent automorphic forms:
S,?’]L(U) = {gp : DX\D; — Q5(2); s.t. w(gu) = @(g)|u; for all u € U}
where the action ¢(g)]., defined as for f(z)on Qs5(z):

az—i—b)
cz+d

FOly, )\ = ez +d) 2 (
3

From the isomorphism D* x U = D; , we can identify the space explicitly
as follows

SONU) —— Qs ()

pr—=(1)
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Us-action

We choose a decomposition of the double coset:

4
U39 =[] Uv,
j=0
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Us-action

We choose a decomposition of the double coset:

4
U39 =[] Uv,
j=0

for example with v; = (25 {),(at the component at 5) and define
4
Up(@) =l with (¢]y,)(9) := @(gv; )],
=0

This definition does not depend on the choice of the coset representatives
v
J
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Us action on Q5(z)

Expressing the U, operator in terms of the isomorphism
S,?’T(U) = (Q5(z),it takes the forms of

where the matrices §; turn out to be global elements in D(Q) (but this
fact will not help our local argument later), they are

245 0 1 1—-3vs 14 3us 1 1—-3vs 3—v5
0 —2—vs) 2\ -1+3v; 1+3v5)° 2\-3—v5 1+3v5)/)’°

1 1—3V5 —3—|—V5 and 1 1—3V5 —1—3V5
2\3+vs 1+3v5)° 2\1—-3v5 14+3v5 /-

We need to make explicit what the action of the 5 matrices on the Banach
space Q5(z)
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We use the idea of Jacob in his thesis. Let (P; ;); j—o,1,... denote the
matrix for the operator U, on Q(z) with respect to the power basis
1,2,2%,..., then we have an explicit expression of the generating series:

5 , k-1
ZP’me Z (Cll"i‘d)

cx+d; —axy—>b
]>O i=1 (2 + (2 y 'Ly
a; b
where §; = © 7.
¢ d;
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Explicit entries of the matrix

P =
e e (R (45, o (<) () ()
F(=1)P 11 — w72 o ifi =j
(1+23V5 )k—i—2(—1-&2-31/5 )7, (4 Zzlgé{w}(_l)i—n (i) (kl—jgl) if i # j but 4‘7; —j
0 otherwise
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Explicit entries of the matrix

(B () (4, o () () (F727)

F(=1)P 11 — w72 ifi =j

(Mg yhoim2 (e (4 T ()i () (V200 it # g but dfi -
0 otherwise

Remark: P; ; = 0 unless 4[i — j

We can write U), as Z?:o Ulgi) corresponding to different < mod 4 which in
turn corresponds to 4 different weight disks.
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Explicit entries of the matrix

(B () (4, o () () (F727)

F(=1)P 11 — w72 ifi =j

(Mg yhoim2 (e (4 T ()i () (V200 it # g but dfi -
0 otherwise

Remark: P; ; = 0 unless 4[i — j

We can write U), as Z?:o Ulgi) corresponding to different < mod 4 which in
turn corresponds to 4 different weight disks.

From now on, | will focus on UISO) = (P4i74j)ij 0.1,

Nha X Truong (UConn) Maine Quebec 2019 October 9, 2019 13 /17



Corank of the first nxn principle minor

The following table give the conrak of the first n x n-principle minor of
the U, matrix, as the weight takes different values k = 4kq + 2

ko 5/6[7(8|9]10|11 12|13 |14 15|16 | 17

2x2 | 1|11 1

3x3 1721211111 1

4x4 171|322y 2 2121|111

5xb 2121313 (3|23 |2|2)|2]2

6x6 1112343 |4|3]3]|3]|3

7 112133 |54 |4] 4] 4

8x8 12,2445 |5 |5

9x9 11133 |4]5]|6
10x10 2123 ]4|5
11x11 101 2]3] 4
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Main Theorem

Theorem

Let djjy . o and dff,goﬁ be dimensions of ST thot2(GL2(Zs)) and S4k ),

. . I
res.pe.ct/ve/y: the.n if dgge o <n <dgy o — dy o then the rank of nxn
principle minor is at most

unr unr
max{dyg 12,21 + djg) 1o — 4k0+2}
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Sketch of the proof

Consider the map between Sﬁ0+2(GL2(Z5)) and kaou(U)v
i Sﬁngg(GLz(Z@) E—— SE%JTH(U)

so(x)%w@(z?)‘ln(p())
01
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Sketch of the proof

Consider the map between Sﬁ0+2(GL2(Z5)) and kaou(U)v
i Sﬁngg(GLz(Z@) E—— SE%JTH(U)
-1
ole) ———ola(38) o)

proj : S4k +2(U) S4k +2(GL2(Z5))

)+ Shorte(D)7)

p(x) ———proj(¢)(z) = p(z(? 5))|(

—O
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Sketch of the proof

We have the key identity:

Us(p)(x) = i 0 proj(e) () — oz (Y é)*ﬂ(g 1)
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Sketch of the proof

We have the key identity:
Us()(x) = i o proj(y)(z) — o(z(§ é)*ﬂ(g 1)

The matrix for ¢ o proj has rank at most dj}"".
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Sketch of the proof

We have the key identity:
Us()(x) = i o proj(y)(z) — o(z(§ é)*ﬂ(g 1)

The matrix for ¢ o proj has rank at most dj**. For the second part, its
upper left n x n minor has rank:

0 if n <dy¥/2
2n — diw otherwise.
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