Determining Hilbert Modular Forms by Central

Values of Rankin-Selberg Convolutions

Naomi Tanabe

(Joint work with Alia Hamieh)

Department of Mathematics
Dartmouth College

Maine-Québec Number Theory Conference
University of Maine, Orono

October 4, 2015

Naomi Tanabe Determining Hilbert Modular Forms



Question: To what extent the special values of automorphic
L-functions determine the underlying automorphic forms?
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Question: To what extent the special values of automorphic
L-functions determine the underlying automorphic forms?

Theorem (Luo-Ramakrishnan, 1997)

Let/=1 =0 mod 2, and let g and g’ be normalized
eigenforms in S®"(N) and S;°"(N'"), respectively. Suppose

that : ’
— — / —

for almost all primitive quadratic characters x4 of conductor
prime to NN'. Theng = ¢g'.

Naomi Tanabe Determining Hilbert Modular Forms



Motivation - Level Aspect on GL(Q)

Theorem (Luo, 1999)

LetI=1=k=0 mod 2, and let g and g’ be normalized
eigenforms in S®"(N) and S;®"(N'), respectively. If there exist
infinitely many primes p such that

1 1
L(f@g,2> :L<f®g’,2>

for all normalized newforms f in S;"(p), then we have g = g'.
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Motivation - Weight Aspect on GL»(Q)

Theorem (Ganguly-Hoffstein-Sengupta, 2009)

Let/=1'=k=0 mod 2, and let g and g’ be normalized
eigenforms in S;(1) and Sy (1), respectively. If

L(f@g,é) :L<f®g’,;>

for all normalized eigenforms f € Sy (1) for infinitely many k,
theng =¢'.
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Motivation - Weight Aspect on GL»(Q)

Theorem (Ganguly-Hoffstein-Sengupta, 2009)

Let/=1'=k=0 mod 2, and let g and g’ be normalized
eigenforms in S;(1) and Sy (1), respectively. If

L(f@g,é) :L<f®g’,;>

for all normalized eigenforms f € Sy (1) for infinitely many k,
theng =¢'.

@ (Zhang, 2011) g € §°¥(n) and g’ € Sp°V(v'), (f € Sk(1)).
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Can one generalize those results to Hilbert modular forms?
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@ F: totally real number field of degree n
@ Of:ring of integers in F
@ Dr: different ideal of F
@ ht: the narrow class number
e {a}: a set of representatives of the narrow class group
@ embeddings of F: {01, - ,0n}.
e Forx e Fandje {1,...,n}, we set x; = 0j(x)

e x> 0ifx; >0V

Naomi Tanabe Determining Hilbert Modular Forms



Hilbert Modular Form

o f:=(f,...,fpr) withf; € Sk(ra,.(n)).
o fi: " —=C
o filky = fiforally € I'g,(n))

@ Fourier coefficients at m € Or: C¢(m)

@ k= (ki,...,kn) withky =---=k; =0 mod 2

o fis primitive < f is a normalized eigenform in S*"(n).

@ [k(n): a set of all primitive forms of weight k and level n.

@ Rankin-Selberg convolution of f € Mk(q) and g € M(n) is
defined as

Ci(m) Cg(m)

Lf®g,s)=C"(2s) > N(m)s

mCOfr
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Main Theorem | (Level Aspect)

Theorem (Hamieh, T.)

Letg € MNy(n) and g’ € Ny (n'), with the weights | and I' being in
2N". Let k € 2N" be fixed, and suppose that there exist
infinitely many prime ideals q such that

1 1
L<f®9,2> :L<f®g’,2>

forallf € Ng(q). Theng=4¢'.
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Main Theorem Il (Weight Aspect)

Theorem (Hamieh, T.)

Letg € My(n) and g’ € Ny (n'), with the weights | and I' being in
2N". Let q be a fixed prime ideal. If

1 1
L<f®g,2> :L<f®g’,2>

for all f € N(q) for infinitely many k € 2N", theng = ¢'.
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(4m) | de |2 (£.1),

MrNk-—1)
For any prime ideal p of F (away from bad primes), we consider
a twisted first moment,

) L(f@g,;) Cilp)er”

feNy(q)

Let ws =
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(4m) | de |2 (£.1),

MrNk-—1)
For any prime ideal p of F (away from bad primes), we consider
a twisted first moment,

1 _ Cq(p)
E: L{feg, = | Cpw ' = —22M+ E
feNk(a) < o9 2> ) VN(p) !

Let ws =
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(4m) | de |2 (£.1),

MrNk-—1)
For any prime ideal p of F (away from bad primes), we consider
a twisted first moment,

1 _ Cq(p)
E: L{feg, = | Cpw ' = —22M+ E
feNk(a) < o9 2> ) VN(p) !

asymptotically.

Let ws =
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(4m) | de |2 (£.1),

MrNk-—1)
For any prime ideal p of F (away from bad primes), we consider
a twisted first moment,

1 _ Cq(p)
E: L{feg, = | Cpw ' = —22M+ E
feNk(a) < o9 2> ) VN(p) !

asymptotically. Further analyzation of the above expression will
allow us to conclude that if

L(f@g,é) :L<f®g’,;>

for all f € My (q) (for infinitely many k or q), then Cy(p) = Cq/(p).

Let ws =
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(4m) | de |2 (£.1),

MrNk-—1)
For any prime ideal p of F (away from bad primes), we consider
a twisted first moment,

1 _ Cq(p)
E: L{feg, = | Cpw ' = —22M+ E
feNk(a) < o9 2> ) VN(p) !

asymptotically. Further analyzation of the above expression will
allow us to conclude that if

L(f@g,é) :L<f®g’,;>

for all f € My (q) (for infinitely many k or q), then Cy(p) = Cq/(p).
The desired results follow from the strong multiplicity one
theorem.
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some complications we encounter:
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some complications we encounter:

@ the technical nature of adélic Hilbert modular forms
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some complications we encounter:

@ the technical nature of adélic Hilbert modular forms

@ the infinitude of the group of units in F
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Twisted First Moment

(4m) " T|de['/2 (1, 8),
r(k—1)

St <f® g ;) Cilp)uy

feN(q)

Recall: ws =
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Twisted First Moment

(4m) " T|de['/2 (1, 8),

Recall: ws = r(k—1)
> L<f®g,;> Ci(p)wy
feNy(q)
_ Cg(m) <= ag(nq) |, 4"w2"N<m)d2>
B zmg(; N(m)dZ::1 d ( N(DZnq)

x > wyp ' C(m)Cil(p)

feNy(q)

- H()() @

2ri G(u)

=h1 [ (it u’
2 2
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Petersson Trace Formula

Proposition (Torotabas, 2011)

Letk € 277, and let a and b be fractional ideals of F. If

acaandpeb !, we have

> wy ' Ci(aa)Cy(Bb) + (Oldforms) = Ml qa—gy

feN(q)
—2
Ki(ea, a; B, b; ¢, ¢) 1= 4m, [ €jebilabe2];
9 1 ) ! 9 Jﬁ
D) Noo Ll 51
cec—1\{0}
c€OFT/OF?

@ m: integral ideal of F = m = aa for some a € CI*(F) and
0<aca’

@ Similarly, p = 3b with some b € CI*(F)and 0 << B € b~ .
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1
L (f g, 2) Gilp)r" = ME(k, a)+ES(k, ) EZ (k. ,0ld)

feMk(q)
where
p) — aq(nq) 4"72"N(p)d?
Mg(k q) Vij2 < )
dz:; d N(DZnq)
Cylan) N 2N ()
g aa a 4"7°"N(ava)d
E k CI Z ?\I(aa Z “ V1/2< N(DZnq) )
{8} ag(a—1)>0 JOFT a=1
Kl(ea a ﬁ b;c,c) 4m/ejajBilabe—2];
X Z H < El t)
@=ab =
cec g\ {0}
e€OFT/OF?
g B Co(m) o= ag(na) 47 72"N(m) P Ci(p) Cy(m)
E;(k,q,0ld) = Z N(m) Z d V1/2( N(®Zna) ) o
mCOFf d=1 feN,(OF)
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Level Aspect

Lemma

MR = 2L (A TT( N log(N () + O(1),
(p) .

where v_+(F) is the residue in the Laurent expansion of
¢F(2u+1) atu=0.

We have E3(k,q) = O (N(q)—%+6) .
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Error Term

n_2n 2
Eg k q) Cqg(cva) ad(nq)v 4N 72 Nz(aa)d
> zﬁ - = ()
Kl(co,ai8,b:¢.c) 47 e'aﬂ'[abcfz].
o x5
?=ab
cec'q\{0}
€c€OFTJOF2
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Error Term

n_2n 2
Eg k q) Cqg(cva) ad(nq)v 4N 72 Nz(aa)d
> zﬁ - = ()
Kl(co,ai8,b:¢.c) 47 e'aﬂ'[abcfz].
o x5
?=ab
cec'q\{0}
€c€OFTJOF2

Now consider

5 5 Ki(a, a; 5,5 cn, <) H (LWW)

¢
cee—1q\{0}/OF T neoF =1 il
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J-Bessel Function

The J-Bessel function is defined as

M(4%2)  /x\$
Ju(x):/(a)r(u;rsiﬂ(z) ds x>0, 0<o0<R).

We have
Ju(x) < x'0 for 0<5 <1,
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J-Bessel Function

The J-Bessel function is defined as

M(4%2)  /x\$
J“(X):/(U)F(“JZFS'2+1)(2) ds x>0, 0<o0<R).

We have
Jux) < x'7% for 0<H< 1.

f[ e <47r, /a/,B/[abc ) < H ( ajﬁj[abc )15/'
T )
j=1

njlc] njlc]

where 6; = 0 if n; > 1, and ¢; = ¢ for some fixed § > 0
otherwise.
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Controlling the totally positive units

Key Observation (Luo, 2003)

2 I <ee

n60§+77/<1
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Controlling the totally positive units

Key Observation (Luo, 2003)

2 I <ee

n60§+77/<1

Kl
22 (o L1

a 1/2
<X IId X e MO

neOF i<l cec1q\{0}/OF"
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Weight Aspect

M3 (k,q) = CgN(gg)fy“ﬂ(F) logk + O(1)

where "1(F) is the residue in the Laurent expansion of (¢' at1.

EJ(k,q) = O(1).
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Thank you!
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