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Jeremy Rouse David Zureick-Brown
(Wake Forest) (Emory)

Let E/Q be an elliptic curve, and let T>(E) = m E[2"] be the Tate
module. The Galois action of Gal(Q/Q) on T,(E) induces

pe2 : Gal(Q/Q) — Aut(T2(E)) = GL(2, Zz).
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Theorem

Let E/Q be an elliptic curve with no CM. Then, there are precisely
1208 possibilities for the image pg »(Gal(Q/Q)), up to conjugation.
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Theorem

Let E/Q be an elliptic curve with no CM. Then, there are precisely

1208 possibilities for the image pg »(Gal(Q/Q)), up to conjugation.
Further:
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Theorem

Let E/Q be an elliptic curve with no CM. Then, there are precisely

1208 possibilities for the image pg »(Gal(Q/Q)), up to conjugation.
Further:

@ The representation pg » is defined (at most) modulo 32.
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Theorem

Let E/Q be an elliptic curve with no CM. Then, there are precisely

1208 possibilities for the image pg »(Gal(Q/Q)), up to conjugation.
Further:

@ The representation pg » is defined (at most) modulo 32.

© The index of the image in GL(2,Z,) is a divisor of 64 or 96, and all
such indices occur.
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Theorem

Let E/Q be an elliptic curve with no CM. Then, there are precisely

1208 possibilities for the image pg »(Gal(Q/Q)), up to conjugation.
Further:

@ The representation pg » is defined (at most) modulo 32.

© The index of the image in GL(2,Z,) is a divisor of 64 or 96, and all
such indices occur.

© There exists a database that describes all possible images.




Example
For instance, let

E:y?+xy = x® +210x + 900.

Then, the 2-adic image is x2351 in the notation of the RZB database,
which is defined modulo 16, and is generated in GL(2,Z/16Z) by

G 9) (2 969G )6 5)-(5 56 5)(6 9)
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This is joint work with
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(Universidad Auténoma de Madrid)
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Let E/Q be an elliptic curve, and let n > 2. Let Q(E[n]) be the field of
definition of all n-torsion points on E.

When is Q(E[n]) = Q(¢n) ?
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Let E/Q be an elliptic curve, and let n > 2. Let Q(E[n]) be the field of
definition of all n-torsion points on E.

When is Q(E[n]) = Q(¢n) ? When is Q(E[n])/Q an abelian extension?

Theorem (GJLR, 2015)

@ IfQ(E[n]) = Q(¢n), thenn=2,3,4,5.
@ IfQ(E[n])/Q is an abelian extension, thenn = 2,3,4,5,6,8.
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Let E/Q be an elliptic curve, and let n > 2. Let Q(E[n]) be the field of
definition of all n-torsion points on E.

When is Q(E[n]) = Q(¢n) ? When is Q(E[n])/Q an abelian extension?

Theorem (GJLR, 2015)

@ IfQ(E[n]) = Q(¢n), thenn=2,3,4,5.
e IfQ(E[n])/Q is an abelian extension, then n = 2,3,4,5,6, 8.

@ Eisg: y2+xy +y = x3+ x% — 135x — 660 has Q(E[2]) = Q
@ Eigu i y2+y =x%+x%—9x — 15 has Q(E[3]) = Q(s),

@ Eisa1:y2 +xy +y =x%+x2—10x — 10 has Q(E[4]) = Q((a),
® Eqiar: y2 +y =x3— x% —10x — 20 has Q(E[5]) = Q(s),

@ Eigz :y2 +xy +y=x344x — 6 has Q(E[6]) = Q(¢s, vV—7),
o

Eisat : Y2 +xy+y =x34x?>—-10x — 10 has
Q(E8]) = Q(¢s, V3, V7).
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Let E/Q be an elliptic curve, and let P € E(Q)ors be a torsion point.
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Let E/Q be an elliptic curve, and let P € E(Q)ors be a torsion point.

What is the degree of Q(P)/Q? \
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Let E/Q be an elliptic curve, and let P € E(Q)ors be a torsion point.

What is the degree of Q(P)/Q?

@ Mazur’s proof of the Ogg/Levi’'s conjecture implies that if

[Q(P) : Q] =1, then
ord(P) € {1,2,3,4,5,6,7,8,9,10,12}.
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Let E/Q be an elliptic curve, and let P € E(Q)ors be a torsion point.

What is the degree of Q(P)/Q?

@ Mazur’s proof of the Ogg/Levi’'s conjecture implies that if

[Q(P) : Q] =1, then
ord(P) € {1,2,3,4,5,6,7,8,9,10,12}.

@ Work of Kenku, Momose, Kamienny, Najman implies that if

[Q(P) : Q] =2, then
ord(P) € {1,2,3,4,5,6,7,8,9,10,12,15,16}.
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Let E/Q be an elliptic curve, and let P € E(Q)ors be a torsion point.

What is the degree of Q(P)/Q?

@ Mazur’s proof of the Ogg/Levi’'s conjecture implies that if

[Q(P) : Q] =1, then
ord(P) € {1,2,3,4,5,6,7,8,9,10,12}.

@ Work of Kenku, Momose, Kamienny, Najman implies that if

[Q(P) : Q] =2, then
ord(P) € {1,2,3,4,5,6,7,8,9,10,12,15,16}.

@ Work of Najman implies that if [Q(P) : Q] = 3, then
ord(P) € {1,2,3,4,5,6,7,8,9,10,13,14,18,21}.
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Definition

Let d > 0. We define:
So(d) = {p : primes such that p|E(K)iwrs for some elliptic curve E
defined over Q, and a number field K of degree < d}.




Definition

Let d > 0. We define:
So(d) = {p : primes such that p|E(K)iwrs for some elliptic curve E
defined over Q, and a number field K of degree < d}.

Theorem (L-R., 2011)
Letp> 11 withp # 13 or37. If p € Sp(d), thenp <2d + 1.




Definition

Let d > 0. We define:
So(d) = {p : primes such that p|E(K)iwrs for some elliptic curve E
defined over Q, and a number field K of degree < d}.

Theorem (L-R., 2011)

Letp> 11 withp # 13 or37. If p € Sp(d), thenp <2d + 1.

Let Sg(d) be the set of primes defined above
@ Syp(d)=1{2,3,5,7} ford =1 and2;
@ Sp(d)=1{2,3,5,7,13} ford = 3 and 4;
@ Sp(d)=1{2,3,5,7,11,13} ford =5, 6, and 7;
@ Sy(d) ={2,3,5,7,11,13,17} ford = 8;
@ Sy(d) =1{2,3,5,7,11,13,17,19} ford = 9, 10, and 11;
@ Sy(d) =1{2,3,5,7,11,13,17,19,37} for12 < d < 20.
@ Sy(d) =1{2,3,5,7,11,13,17,19,37,43} ford = 21.




IfE/Q and P € E[2"], what is [Q(P) : Q] ?

Q(E[2])

Q(E[2")

N

Hp
Q(P)

7
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IfE/Q and P € E[2"], what is [Q(P) : Q] ?

QER) (1)

Hp

Q(E[2) /

\ Gnh= Gmod 2"
Hp

Q(P)
Q G C GLo(Z)
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IfE/Q and P € E[2"], what is [Q(P) : Q] ? \

QER) (1)

Hp

Q(E[2) /

\ Gnh= Gmod 2"
Hp

Q(P)
Q G C GLo(Z)

Note: if Hp is the stabilizer of P in G, then [Q(P) : Q] = |Gnl|/|Hp|.
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If E/Q and P € E[2"], what is [Q(P) : Q) (if pe » is defined mod 29)?
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If E/Q and P € E[2"], what is [Q(P) : Q) (if pe » is defined mod 29)?

Q(E[2>]) {Id}
Q(E[27]) / Hp
Q(E[2) Gn = Gmod 2"
T
Q(P) Gd

/ G C GLo(Z»)
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If E/Q and P € E[2"], what is [Q(P) : Q) (if pe » is defined mod 29)? \

Q(E[2*]) {Id}
Q(E[2M) Gy
TN
Q(P) /HP
Q(E[2Y) Gn = Gmod 27
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Let E/Q be an elliptic curve defined over Q without CM, and let
P € E[2N] be a point of exact order 2V, with N > 4.
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Let E/Q be an elliptic curve defined over Q without CM, and let

P c E[2V] be a point of exact order 2N, with N > 4. Then, the degree
[Q(P) : Q] is divisible by 22N~7.
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Theorem

Let E/Q be an elliptic curve defined over Q without CM, and let

P c E[2V] be a point of exact order 2N, with N > 4. Then, the degree
[Q(P) : Q] is divisible by 22N~7. Moreover, this bound is best possible,
in the sense that there is a one-parameter family E;/Q, one for each

t € Q, and there is a point Py € E;(Q) of exact order 2N such that

[Q(Pyn) : Q] = 22N-7.
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Theorem

Let E/Q be an elliptic curve defined over Q without CM, and let

P c E[2V] be a point of exact order 2N, with N > 4. Then, the degree
[Q(P) : Q] is divisible by 22N~7. Moreover, this bound is best possible,
in the sense that there is a one-parameter family E;/Q, one for each

t € Q, and there is a point Py € E;(Q) of exact order 2N such that

[Q(Pyn) : Q] = 22N-7.

The family mentioned in the statement of the theorem is

Xogsy 2 = x3 4+ (18 — 415 — 2t* — 412 + 1)x® + 168x.

One concrete member of the family is the curve with Cremona label
210e1l, given in Weierstrass form by

E:y?+ xy = x3+210x + 900.
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Corollary

Let E/Q be an elliptic curve without CM, and let F/Q be an extension
of degree d > 1. Then E(F) can only contain points of order 2N with

N < (logy(d) +7)/2.
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Corollary

Let E/Q be an elliptic curve without CM, and let F/Q be an extension
of degree d > 1. Then E(F) can only contain points of order 2N with

N < (logy(d) +7)/2.

More precisely, if v is the usual 2-adic valuation, then E(F) can only
contain points of order 2N with

NS |_V2(d2)+7J
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More generally, let E/Q be an elliptic curve, and let
T = (Ps,Qn) = Z/2°Z® Z./2N7Z C E[2V].



More generally, let E/Q be an elliptic curve, and let
T = (Ps,Qn) = Z/2°Z® Z./2N7Z C E[2V].

What is [Q(T) : Q] ?




More generally, let E/Q be an elliptic curve, and let
T = (Ps,Qn) = Z/2°Z® Z./2N7Z C E[2V].

What is [Q(T) : Q] ?

Z/MZ with1 <M <10orM =12, or
T:Q=1= - ’
(1) @) {Z/ZZEBZ/ZMZ with1 < M < 4.
7/ MZ with1 <M <10or M =12,15,16, or
Z)2Z & Z/2MZ with1 < M <6, or

[Q(T):Q=2= 7./37® 7./3MZ with1 < M < 2and F = Q(v/—3), or
Z)AZ & ZJAZ  with F = Q(v/—1).
Z/MZ. with 1 < M <10
[Q(T):Q]=3= orM=12,13,14,18,21, or

Z/2Z.®7Z/2MZ with1 <M <4orM=7.



Let E/Q be an elliptic curve without CM. Let1 < s < N be fixed
integers, and let T = 7,/257. & 7./2N7. C E[2N].
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Theorem

Let E/Q be an elliptic curve without CM. Let1 < s < N be fixed
integers, and let T = 7,/257. & 7./2N7. C E[2N]. Then, [Q(T) : Q] is
divisible by 2 if s = N = 2, and otherwise by 2°N+25-8 jf N > 3
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Theorem

Let E/Q be an elliptic curve without CM. Let1 < s < N be fixed
integers, and let T = 7./257. @ 7./2N7 C E[2N]. Then, [Q(T) : Q] is
divisible by 2 if s = N = 2, and otherwise by 22N+25=8 jf N > 3, unless
s >4 and j(E) is one of the two values

~18234932071051198464000
48661191875666868481

~ 35817550197738955933474532061609984000
2301619141096101839813550846721

in which case [Q(T) : Q] is divisible by 3 - 22N+25=9,
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Theorem

Let E/Q be an elliptic curve without CM. Let1 < s < N be fixed
integers, and let T = 7./257. @ 7./2N7 C E[2N]. Then, [Q(T) : Q] is
divisible by 2 if s = N = 2, and otherwise by 22N+25=8 jf N > 3, unless
s >4 and j(E) is one of the two values

~18234932071051198464000
48661191875666868481

35817550197738955933474532061609984000
B 2301619141096101839813550846721
in which case [Q(T) : Q] is divisible by 3 - 22N+25=9 Moreover, this
bound is best possible, i.e., there is Es n(t)/Q and subgroups
Tsn € Esn(t)(Q) isomorphic to 7./257. & 7./2N7Z, such that
[Q(Tsn) : Q] is equal to the bound given above.
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1 5 4 8 16
72
Z/4 72 7/32
7/8 Z16 | Z/202/16 |, 00| gha ST
z/207/2 | Z/A0T/4 | Z/407/8
7)2 @ 7/4 Z/85 /8
Z/2 0 7/8

Table : 2-primary torsion subgroups that appear in degree d for the first time.
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Let K be a number field, and let p be a prime.
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Let K be a number field, and let p be a prime. Then, there is only a
finite number a(K, p) > 1 of possibilities (up to conjugation) for the
image of pgp : Gal(K/K) — GL(2, Zp), for any elliptic curve E/K
without CM.
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Let K be a number field, and let p be prime. Then, there is only a finite
number a(K, p) > 1 of possibilities (up to conjugation) for the image of
pEp - Gal(K/K) — GL(2,Zp), for any elliptic curve E /K without CM.

Theorem

Let p be a prime, let K be a number field, and let E /K be an elliptic
curve defined over K without CM. Let 0 < s < N be integers, and let
TS,N g E(K)tors Wlth TS,N = Z/pSZ D Z/pNZ.




Let K be a number field, and let p be prime. Then, there is only a finite
number a(K, p) > 1 of possibilities (up to conjugation) for the image of
pEp - Gal(K/K) — GL(2,Zp), for any elliptic curve E /K without CM.

Theorem

Let p be a prime, let K be a number field, and let E /K be an elliptic
curve defined over K without CM. Let 0 < s < N be integers, and let
Tsn C E(K)tors with Tsy 2 Z/pSZ ® Z./pNZ. Then:

@ There are positive integers n = n(K, p), and gs u(K, p), for

0 < s < nandM = min{n, N}, that depend on K and p but not on
the choice of E /K or T n, such that




Let K be a number field, and let p be prime. Then, there is only a finite
number a(K, p) > 1 of possibilities (up to conjugation) for the image of
pEp - Gal(K/K) — GL(2,Zp), for any elliptic curve E /K without CM.

Theorem
Let p be a prime, let K be a number field, and let E /K be an elliptic
curve defined over K without CM. Let 0 < s < N be integers, and let
Tsn C E(K)tors with Tsy 2 Z/pSZ ® Z./pNZ. Then:

@ There are positive integers n = n(K, p), and gs u(K, p), for

0 < s < nandM = min{n, N}, that depend on K and p but not on
the choice of E /K or T n, such that

o [K(Tsn) : K] is divisible by gs m(K, p) - max{1, p?N=2"} ifs < n, and




Let K be a number field, and let p be prime. Then, there is only a finite
number a(K, p) > 1 of possibilities (up to conjugation) for the image of
pEp - Gal(K/K) — GL(2,Zp), for any elliptic curve E /K without CM.

Theorem

Let p be a prime, let K be a number field, and let E /K be an elliptic
curve defined over K without CM. Let 0 < s < N be integers, and let
Tsn C E(K)tors with Tsy 2 Z/pSZ ® Z./pNZ. Then:
@ There are positive integers n = n(K, p), and gs u(K, p), for
0 < s < nandM = min{n, N}, that depend on K and p but not on
the choice of E /K or T n, such that
o [K(Tsn) : K] is divisible by gs m(K, p) - max{1, p?N=2"} ifs < n, and
o [K(Tsn) : K] divisible by gn n(K, p) - p?N*25=4" jfn < s < N.




Let K be a number field, and let p be prime. Then, there is only a finite
number a(K, p) > 1 of possibilities (up to conjugation) for the image of
pEp - Gal(K/K) — GL(2,Zp), for any elliptic curve E /K without CM.

Theorem

Let p be a prime, let K be a number field, and let E /K be an elliptic
curve defined over K without CM. Let 0 < s < N be integers, and let
Tsn C E(K)tors with Tsy 2 Z/pSZ ® Z./pNZ. Then:

@ There are positive integers n = n(K, p), and gs u(K, p), for

0 < s < nandM = min{n, N}, that depend on K and p but not on
the choice of E /K or T n, such that

o [K(Tsn) : K] is divisible by gs m(K, p) - max{1, p?N=2"} ifs < n, and
o [K(Tun) : K] divisible by gnn(K, p) - PPN*25~47 ifn < s < N.

Q@ For afixed E/K, and for all but finitely many primes p, we have

K(Tan) : K1 = {“32 g e

(o= 1)(p? = 1)pPN*T2e=8 ifs > 1.







News ... for p > 2!
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News ... for p > 2!



Drew Sutherland David Zywina
(MIT) (Cornell)

Let E/Q be an elliptic curve, and let p be an arbitrary prime. Then,
there are precisely 63 possibilities for the image pg p(Gal(Q/Q)), up to
conjugation.




Let E/Q be an elliptic curve without CM, and let p be a prime such that
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Theorem

Let E/Q be an elliptic curve without CM, and let p be a prime such that

(A) the image Gy of pgp : Gal(Q/Q) — GL(2,7Z/pZ) is not contained
in the normalizer of a non-split Cartan subgroup.
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Theorem

Let E/Q be an elliptic curve without CM, and let p be a prime such that

(A) the image Gy of pgp : Gal(Q/Q) — GL(2,7Z/pZ) is not contained
in the normalizer of a non-split Cartan subgroup.

In addition, let us assume that either (B) or (C) occurs, where
(B) pisnotinthe setS=1{2,3,5,7,11,13,17,37}, or
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Theorem

Let E/Q be an elliptic curve without CM, and let p be a prime such that

(A) the image Gy of pgp : Gal(Q/Q) — GL(2,7Z/pZ) is not contained
in the normalizer of a non-split Cartan subgroup.

In addition, let us assume that either (B) or (C) occurs, where
(B) pisnotinthe setS=1{2,3,5,7,11,13,17,37}, or
(C) ifp e S, we suppose that the p-adic image G of pe p- is defined

modulo p, i.e., @e image G of pe p Is the full inverse image of
G1 = pe p(Gal(Q/Q)) under mod-p reduction.
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Let E/Q be an elliptic curve without CM, and let p be a prime such that

(A) the image Gy of pgp : Gal(Q/Q) — GL(2,7Z/pZ) is not contained
in the normalizer of a non-split Cartan subgroup.

In addition, let us assume that either (B) or (C) occurs, where
(B) pisnotinthe setS=1{2,3,5,7,11,13,17,37}, or
(C) ifp e S, we suppose that the p-adic image G of pe p- is defined

modulo p, i.e., @e image G of pe p Is the full inverse image of
G1 = pe p(Gal(Q/Q)) under mod-p reduction.

LetT = Ton =2 Z/pSZ @ Z/pN7Z C E[pN] be a subgroup. Then,
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Let E/Q be an elliptic curve without CM, and let p be a prime such that

(A) the image Gy of pgp : Gal(Q/Q) — GL(2,7Z/pZ) is not contained
in the normalizer of a non-split Cartan subgroup.

In addition, let us assume that either (B) or (C) occurs, where
(B) pisnotinthe setS=1{2,3,5,7,11,13,17,37}, or
(C) ifp e S, we suppose that the p-adic image G of pe p- is defined

modulo p, i.e., @e image G of pe p Is the full inverse image of
G1 = pe p(Gal(Q/Q)) under mod-p reduction.

LetT = Ton =2 Z/pSZ @ Z/pN7Z C E[pN] be a subgroup. Then,

@ For a fixed Gy = pe p(Gal(Q/Q)), the degree [Q(T) : Q] is divisible
by 901(Gy) - pPPN=2 ifs =0, and [Q(T) : Q] is divisible by
91.1(Gy) - pPN*25=4 if s > 1, where the constants are explicit.
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Let E/Q be an elliptic curve without CM, and let p be a prime such that

(A) the image Gy of pgp : Gal(Q/Q) — GL(2,7Z/pZ) is not contained
in the normalizer of a non-split Cartan subgroup.

In addition, let us assume that either (B) or (C) occurs, where

(B) pisnotinthe setS=1{2,3,5,7,11,13,17,37}, or

(C) ifp e S, we suppose that the p-adic image G of pe p- is defined
modulo p, i.e., @e image G of pe p Is the full inverse image of
G1 = pe p(Gal(Q/Q)) under mod-p reduction.

LetT = Ton =2 Z/pSZ @ Z/pN7Z C E[pN] be a subgroup. Then,

@ For a fixed Gy = pe p(Gal(Q/Q)), the degree [Q(T) : Q] is divisible
by 901(Gy) - pPPN=2 ifs =0, and [Q(T) : Q] is divisible by
911(Gy) - p?N+25=4 jf s > 1, where the constants are explicit.

@ Ingeneral, [Q(T) : Q) is divisible by go 1(Q, p) - p?N~2 if s = 0, and

divisible by g1 1(Q, p) - pNT2** if s > 1, where the constants
9x.1(Q, p) are explicit.
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In general, if pe , is defined modulo p (and image is not in a normalizer
of non-split Cartan), and Tsy = Z/25Z @ Z,/2N7 C E[2N], then

@ [Q(Tsn) : Qis divisible by go 1(Q, p) - p?N~2if s =0, and

° [Q(T&N) Q] is divisible by g1 1(Q,p) - p 2N+25 4ifs > 1,
where the constants g 1(Q, p) are

P | 9.1(Q,p) mo1(Qp) 91.1(Q, p) m.1(Q, p)
2 1 1 1 1
3 1 1 2 2
5 1 1 4 4
7 1 1 6 18
11 5 5 10 110
13 1 3 12 288
17 8 8 1088 1088
37 12 12 15984 15984
else | p?—1 pPP—1 | (p—1)p(p*—1) (p—1)p(p*—1)

Table : gk,1 (Q7p) and mk,1(@7p)l for k = 07 1.
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P (&) golG) mo1(G) gri(G) =m1(G) Example E/Q

11 11B.1.4 5 5 110 121a2
11 11B.1.5 1 i} 110 121c2
11 11B.1.6 5 10 110 121a1
11 11B.1.7 b 10 110 121c1
11 11B.10.4 10 10 220 1089f2
11 11B.10.5 10 10 220 1089f1
11 11ln 120 120 240 23264411
11 GL(2,Fn) 120 120 13200 11al
13 1354 24 T2 288 152100g1
13 13B.3.1 3 3 468 147b1
13 13B.3.2 3 12 468 147b2
13 13B.3.4 6 6 468 2484301
13 13B.3.7 G 12 468 2484302
13 13B.5.1 4 4 624 289041
13 13B.5.2 4 12 624 259042
13 13B.5.4 12 12 624 21632011
13 13B.4.1 G 6 936 147cl
13 13B.4.2 i 12 936 147c2
13 13E 12 12 1872 245011
13 GL(2,F) 168 168 26208 11al
17 17B.4.2 8 8 1088 14450n1
17 i7B.4.6 8 1088 14450n2
17 GL(2,Fy7) 288 TRI36 11al
a7 3TB.8.1 12 15984 1225el
ar 37B.5.2 12 15984 1225e2
37 GL(2,F37) 1368 1822176 11al
else  GL(2,F,) -1 p—1 (p—1)pip~—1) 11al

TABLE 6. gr1(G) and my1(G). for £ =0, 1, and example curves.
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